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AN ANALOGUE OF THE KAC-WEISFEILER
CONJECTURE
AKAKI TIKARADZE
Abstract. In this paper we discuss an analogue of the Kac-Weisfeiler
conjecture for a certain class of almost commutative algebras. In partic-
ular, we prove the Kac-Weisfeiler type statement for rational Cherednik
algebras.
1. introduction
Throughout k = k¯ we be an algebraically closed field of characteristic
p > 2. Let A be an affine k-algebra which if finite over its center Z(A). In
this setting one is interested in studying simple modules, in particular their
dimensions. By Schur’s lemma all simple A-modules are finite dimensional
and they are paramentrized by the corresponding characters of Z(A) : we
have a surjective map with finite fibers {Irr} → SpecZ(A), from the set
of isomorphism classes of simple A-modules to the set of characters of χ ∈
Z(A). For each character χ ∈ SpecZ(A), we will denote by Aχ the algebra
A ⊗Z(A) k, where k is viewed as a Z(A) module via χ. We would like
to study the largest power of p that divides dimensions of all simple Aχ-
modules. Let us denote this number by i(χ).We would like to relate function
i : SpecZ(A) → Z+ to geometry of SpecZ(A). More specifically, let ∪Si =
SpecZ(A) be the smooth stratification of SpecZ(A), and for χ ∈ SpecZ(A)
denote by s(χ) the dimension of the smooth stratum containing χ.
Motivated by the Kac-Weisfeiler conjecture [KW], which is now a theorem
of Premet[P], it is tempting to state the following.
Conjecture 1. Supposed that A is a nonnegatively filtered k-algebra, such
that grA is a finitely generated commutative domain over k. Assume that
(grA)p ⊂ grZ(A) and that Spec grA is a union of finitely many symplectic
leaves and is a Cohen-Macaulay variety, then for any central character χ ∈
SpecZ(A), we have i(χ) ≥ 12s(χ).
Let us explain how does the above relate to the Kac-Weisfeiler conjecture.
Let g be a Lie algebra of a semisimple simply-connected algebraic group G
over k. Then given that p is large enough, we have Veldkamp’s theorem ([V])
describing the center of the enveloping algebra of g: Z(ug) = Zp(g)⊗Zp∩ZHC
ZHC where Zp is the p-center, generated by elements g
p − g[p], g ∈ g, and
ZHC = Ug
G is the Harish-Chandra part of the center. A character of Z(Ug)
can be thought of as a pair (χ, λ), χ ∈ g∗, λ : ZHC → k. Put A = Ug/ker(λ).
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Then A inherits the filtration from Ug, and grA = k[N ], where N is the
nilpotent cone of g∗. Thus, grA is a Cohen-Macaulay domain, and Spec grA
is a union of finitely many symplectic leaves. Thus, assumptions of the
conjecture are met. We have that χ ∈ SpecZ(A). Now it follows that
i(χ) = dimGχ. Thus Conjecture 1 in this case says that any simple A-
module affording character χ has dimension divisible by p
1
2
dimGχ, which is
the statement of the Kac-Weisfeiler conjecture.
As a supporting evidence for the above conjecture, we will show it for χ
in the smooth locus of SpecZ(A) (Proposition 3.2). Also, we will show that
for all but finite χ ∈ SpecZ(A) any irreducible representation affording χ
has dimension divisible by p (Corollary 3.2).
Following the approach of Premet and Skryabin [PS], we prove the Kac-
Weisfeiler type statement (which is weaker than Conjecture 1) for a large
class of filtered algebras which includes rational Cherednik algebras (Corol-
lary 4.1).
2. Codimensions of Poisson ideals
We start by recalling the definition of algebraic symplectic leaves.
Definition 2.1. Let A be a Poisson algebra over k. Then a closed symplectic
leaf of SpecA is a closed subvariaty defined by a prime Poisson ideal I
such that the Poisson variety SpecA/I is a symplectic variety. A closed
symplectic leaf of a Poisson variety X is a closed subvariety Z ⊂ X such
that for any affine open subset SpecA ⊂ X,Z∩SpecA is a closed symplectic
leaf of SpecA. Finally, an algebraic symplectic leaf of a Poisson variety X
is a closed symplectic leaf of an open subvariety of X.
We will recall the definition of Poisson orders by Brown-Gordon [BGo]
Definition 2.2. A Poisson order is a pair of an affine k-algebra A and its
central subalgebra Z0, such that A is finitely generated module over Z0, and
Z0 is a Poisson algebra, A is a Poisson Z0-module such that for a ∈ Z0, the
Poisson bracket {a, } is a derivation of A. In this case A is called Poisson
Z0-order.
Definition 2.3. Let A be a Poisson Z0-order. A Poisson A-module is a left
A-module M equipped with a k-bilinear map {, } : Z0 ⊗M →M such that
{{a, a′},m} = {a, {a′,m}} − {a′, {a,m}}
{a, bm} = {a, b}m+ b{a,m}
for all a, a′ ∈ Z0, b ∈ A,m ∈M.
Let A be an associative k-algebra, and let Z be its central subalgebra.
Assume moreover that A is a finitely generated Z-module. Let L ⊂ DerZ(A)
be a Z-submodule which contains all inner derivations and is closed under
the commutator bracket and taking to the p-th power. Thus L is a restricted
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Lie subalgebra of DerZ(A). Let DL(A) denote the following algebra. D
′
L(A)
is generated by L as an algebra over A subject to the following relations:
ila− ail = l(a), il1 il2 − il2il1 = i[l1,l2],
(il1)
p = il1p , a ∈ A, l1, l2 ∈ L, iad a − a = 0
It is immediate that if L is the set of all inner derivations, then D′L(A) = A.
Given a Poisson Z0-order we will define algebra D
′
Z0
(A) as follows. Let
L ⊂ Derk(A) be the restricted Lie subalgebra of Derk(A) generated by all
{a,−}, a ∈ Z0 and all inner derivations. Then D
′
Z0
(A) denotes D′L(A).
We will be primarily interested in two-sided Poisson ideals of A, i.e. two
sided ideals I ⊂ A, such that {z, a} ∈ I for all z ∈ Z, a ∈ I. Clearly given
such an ideal I, both I,A/I are D′
Z0
(A)-modules. The following is very
standard
Lemma 2.1. Let A be a Poisson Z0-order. Then A embeds in D
′
Z0
(A) and
D′
Z0
(A) is finite over its central subalgebra (Z0)
p.
Proof. Let J is the kernel of the map A → D′
Z0
(A). Since A is naturally a
D′
Z0
(A)-module, we have that JA = 0, so J = 0. It is immediate that (Z0)
p
is central in D′
Z0
(A), and since Derk(A) is a finite (Z0)
p-module, we get
that D′
Z0
(A) is finite over (Z0)
p.

Let X be a variety over k. Recall the definition of the quasi-coherent
sheaf of algebras of the crystalline differential operators D(X). Locally it is
generated by OX and vector fields TX subject to the condition
[ξ, f ] = ξ(f), ξ1 · ξ2 − ξ2 · ξ1 = [ξ1, ξ2],
where f, ξ1 and ξ2 are local sections of OX , TX respectively.
Given an affine Poisson k-algebra S, We will denote D′S(S) simply by
D′(S). Also, given a Poisson ideal I ⊂ S we will denote by D′(S, I) the
quotient of D′(S) by the two sided ideal generated by the image of I in
D′(S). Finally, for any closed point y ∈ SpecS/I, D′(S, I)y will denote the
quotient of D′(S, I) by the two-sided ideal generated by the image of mpy
(where my denotes the maximal ideal corresponding to y).
Clearly, D′(S, I)y is a finite dimensional algebra over k.
We will use the following result of Bezrukavnikov-Mirkovic-Rumynin [BMR]
Theorem 2.1 ([BMR] Theorem 2.2.3). Let X be a smooth variety over k,
then the ring of crystalline differential operators D(X) is an Azumaya sheaf
of algebras over T ∗X(1) (the Frobenius twist of the cotangent bundle of X).
Corollary 2.1. Let B is a finitely generated Poisson domain over k, such
that SpecB is a symplectic variety, then D′(B)y is isomorphic to the matrix
algebra of dimension p2 dimB over k.
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Proof. Since SpecB is a symplectic variety, it follows that D′(B)y is isomor-
phic to the stalk of D(X) at (y, 0) ∈ T ∗X(1). Therefore, by Theorem 2.1 we
are done.

Recall that for any closed point y of a Poisson variety X, we denote
by d(y) the dimension of the symplectic leaf of X which contains y. The
following will be crucial.
Theorem 2.2. Let A be a Poisson S-order, and let y ∈ SpecS be a closed
point. Then any finite dimensional Poisson A-module which as an S-module
is supported on y has dimension divisible by pd(y).
Proof. Let us put d(y) = d. For a Poisson algebra S, we will denote by
Der′(S) ⊂ Der(S) the k-span of all derivations of the form a{b,−}, a, b ∈ S.
Let Y ⊂ SpecS be the symplectic leaf containing y. Let I be a Poisson ideal
corresponding to Y . Let f ∈ S be an element which does not vanish on y
and vanishes on Y − Y. Let us put S′ = Sf , then D
′(S′, I)y = D
′(S, I)y and
SpecS′ contains the closed symplectic leaf through y. Any Poisson S-module
M supported on y is D′(S′)y-module. Consider a descending filtration M ⊃
IM ⊃ I2M · · · ⊃ 0. Since I ⊂ my, we have I
lM = 0 for some l. Each
quotient IjM/Ij+1M is a module over D(S′, I)y. Therefore, it suffices to
prove that any finite dimensional D(S′, I)y-module has dimension divisible
by pd(y).
Denote S′/I by B. Thus, SpecB is a symplectic variety. We have a
natural projection j : D′(S′, I)y → D
′(B)y. Since the localization of B at
my is a regular local ring with the residue field k, we have that B/m
p
y =
k[x1, · · · , xd]/m
p, where my = (x1, · · · , xd). Remark that B/(my)
p is the
image of S′ in D′(S, I)y . We will denote the images of x1, · · · , xd in D
′(S, I)
again by x1, · · · , xd. Let y1, · · · , yd ∈ Der
′(B/mpy) be such that
[yi, xj ] = δij , [yi, yj ] = 0.
Thus, D′(B)y is generated by
∑
ai<p
y1
a1 · · · yd
ad as a free left (or right)
B/mpy-module. Let ξ1, · · · , ξd be any lifts of y1, · · · , yd in the image of
Der′(S′) in D′(S, I)y . Notice that [ξi, xj ] = δij . Let us denote by J a k-
subalgebra of D′(S, I)y generated by elements of Der
′(S) whose images are
in I. Then J is an ideal of the Lie algebra D′(S, I)py and [B/m
p
y, J ] = 0. De-
note by N ⊂ D′(S, I)py the k-span of elements of the form ξ1
a1 · · · ξadn , ai < p,
so dimN = pd. For any ξ ∈ Der′(S), its image in D′(B)y can be written
as
∑d
i=1 biyi for some bi ∈ B/my
p. Thus ξ −
∑
biξi ∈ J, so Der
′(S) ⊂
NJ(B/my
p). Therefore, D′(S, I)py = NJ(B/my
p).
Let V be a simple D′(S, I)py-module. Let v 6= 0, v ∈ V be such that
myv = 0. Then myJv = 0, so NJv = V. Now we claim that if v1, · · · , vk ∈
Jv are linearly independent and
∑k
i=1 nivi = 0, ni ∈ N, then ni = 0 for
all i. Indeed, we have that
∑
i[xj , ni]vi =
∑
i
∂ni
∂ξj
vi = 0. Proceeding by
AN ANALOGUE OF THE KAC-WEISFEILER CONJECTURE 5
induction on the total degrees of ni in ξ1, · · · , ξn, we are done. Therefore,
dimV = dimN dim(Jv) is a multiple of pd.

Proposition 2.1. Let M be a finite dimensional Poisson module over a
Poisson S-order. Then dimM is divisible by inf{pd(y , y ∈ Supp(M) ⊂
SpecS}.
Proof. Let us write M = ⊕y∈Supp(M)My, where My is the submodule of
elements of M supported on y. Obsereve that My is actually a Poisson sub-
module of M. Indeed, Let a ∈My, then (my)
pia = 0, for some i. Therefore,
for any a ∈ S, (my)
pi{a,m} = 0, since {a,mpiy } = 0. Now applying Theorem
2.2 to each My, we are done. 
Recall the following standard definition.
Definition 2.4. A quantization of a Poisson S-order A is an ~-complete
flat associative k[[~]]-algebra A′, such that A = A′/~A′ and Poisson bracket
of S is induced from the commutator bracket of S′.
Proposition 2.2. Let A′ be a quantization of a Poisson S-order A. Let
J ⊂ A′[~−1] be a two-sided ideal of finite codimension over k((~)), then
dimk((~)) A
′[~−1]/J is a multiple of inf (pd(y), y ∈ suppA/((A′ ∩ J)/~).
Proof. Let us put J ′ = J ∩ A′, then A′/J ′ is a free k[[~]]-module and
A′[~−1]/J = A′/J ′⊗k[[~]]k((~)). Therefore dimk((~)) A
′[~−1]/J = dimk[[~]]A
′/J ′.
Let us put J ′/~ = N ⊂ A. ThenN is a Poisson submodule of in A, and A′/J ′
is a quantization of A/N. Therefore, dimk[[~]]A
′/J ′ = dimkA/N. Thus, ap-
plying Corollary 2.1 to A/N we are done.

3. Estimates for filtered algebras
Let A be an associative k-algebra equipped with a positive filtration by
k-subspaces A0 ⊂ A1 · · · ⊂ An · · · , AnAm ⊂ An+m, A = ∪An. Recall that
the center of the associated graded algebra grA = ⊕An/An−1 becomes
equipped with the natural Poisson bracket and grA is a Poisson module
over it. Indeed, let d be the largest integer such that [a, b] ⊂ An+m−d
for any b ∈ Am, a ∈ An, gr a ∈ Z(grA). Then one puts {gr a, gr b} =
[a, b]/An+m−d−1 ∈ (grA)n+m−d−1.
In this section we apply results from the previous section to representa-
tions of certain class of filtered affine k-algebras.
Recall for a filtered algebra A the construction of the Rees algebra R(A) =
⊕nAn~
n ⊂ A[~], where ~ is an indeterminate. Then
R(A)/~R(A) = grA,R(A)/(~ − λ)R(A) = A,R(A)[~−1] = A[~, ~−1],
for any λ ∈ k, λ 6= 0. Since Z(A) inherits filtration from A, we have
R(Z(A)) = Z(R(A)). We will fix the embedding A ⊂ R(A)[~−1] = A[~, ~−1].
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More generally, if Z0 ⊂ Z(A) is a subalgebra such that grA is finite over
grZ0, then R(A) is finite over R(Z0).
We will need the following standard fact.
Proposition 3.1. Let M be a nonegatively filtered module over a nonnega-
tively filtered commutative k-algebra B, such that grM is a finitely generated
Cohen-Macaulay module over grB and grB is a finitely generated algebra
over k. Then both M,R(M) are Cohen-Macaulay modules over grB,R(B)
respectively.
We will recall the proof for the convenience of the reader.
Proof. Let us choose algebraically independent homogeneous elements x1, · · · , xn ∈
grB, such that grB is finite over k[x1, · · · , xn]. Then grM is a finitely gen-
erated k[x1, · · · , xn]-module, and since it is a Cohen-Macaulay module it is
a projective (by Lemma 2.2, 2.4 [BBG]), and hence by the Quillen-Suslin
theorem a free k[x1, · · · , xn]-module. Let y1 · · · , ym ∈ grM be a homoge-
neous basis of grM over k[x1, · · · , xn]. Let a1, · · · , an, b1, · · · bm be the any
lifts of x1, · · · , xn, y1, · · · , ym in B,M respectively. Then it follows immedi-
ately that a1, · · · , an are algebraically independent and M,R(M) is a free
B,R(B)-module with basis b1, · · · , bn; bi~
deg bi respectively

Proposition 3.2. Suppose that A is a nonnegatively filtered k-algebra, such
that grA an affine commutative Cohen-Macaulay domain. Suppose also that
Spec grA consists of finitely many symplectic leaves. If (grA)p ⊂ grZ(A)
then for any character χ which belongs to the smooth locus of SpecZ(A), a
simple A-module affording χ has dimension p
1
2
dimA.
Proof. Applying [[T] Lemma 2.4], we get that grZ(A) = (grA)p. By [[T]
Theorem 2.3], the complement of the Azumaya locus of Z(A) has codi-
mension 2, and the largest possible dimension of A-module is p
1
2
dimgrA. Let
U ⊂ SpecZ(A) be the smooth locus of SpecZ(A). We claim that A|U is a lo-
cally free sheaf over U. Indeed, by the assumption grA is a Cohen-Macaulay
module over (grA)p. But then by 3.1 A is a Cohen-Macaulay module over
Z(A), since grZ(A) = (grA)p. So A|U is a Cohen-Macualay over U, and
since U is nonsingular, we get that A|U is locally free over U. To summarize,
A|U is locally free and its Azumaya locus has complement of codimension
≥ 2. Therefore, A|U is an Azumaya algebra over U by [[BG] Lemma 3.6].

From now on in this section we will follow very closely Premet and
Skryabin [PS]. We will use the following result from [PS].
Lemma 3.1 ([PS] Lemma 2.3). Let A be finite and projective over its central
affine subalgebra Z0, and let L ⊂ DerZ0(A) be a restricted Lie subalgebra
of derivations. Then for any i ≥ 0, the set of characters χ ∈ SpecZ0, such
that Aχ has an L-stable two sided ideal of codimension i is closed.
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Of course, L-stable two-sided ideal of A is the same as aD′L(A)-submodule
of A.
From now on in this section, by L ⊂ DerR(Z0)(R(A)) we will always
denote the restricted Lie algebra generated by all inner derivations and by
~
−d ad(a), for all a ∈ R(A), such that a/~ ∈ Z(grA). In this setting, we
have the following
Lemma 3.2. D′L(R(A))/~ = D
′(grA) and D′L(R(A))[~
−1] = A[~, ~−1].
Proof. First equality is immediate. The second equality follows from the
fact that L consists of inner derivations in Der(A[~, ~−1]).

We will use the following
Assumption 1. Let A be a positively filtered k-algebra, such that Z(grA)
is finitely generated over k and grA is a finitely generated module over
Z(grA). Moreover, assume that there in a positive integer n, such that
(Z(grA))pn ⊂ grZ(A).
In what follows, we will use the following standard notations. For a subset
W of an affine variety X, we will denote by I(W ) the reduced ideal of zeros
of W in O(X), and for an ideal I ⊂ O(X), V (I) will denote the set of zeros
of I in X.
We have the following
Theorem 3.1. Let algebra A satisfy the assumption 1. Let Z0 ⊂ Z(A) be a
subalgebra such that R(A) is finitely generated projective module over R(Z0).
Let W ⊂ SpecZ0 be a closed subset consisting of points χ ∈ W such that
Aχ has a two sided ideal of codimension p
ij where p does not divide j, then
for any y′ ∈ V (gr I(W )) ⊂ Spec grZ0, there is y ∈ SpecZ(grA) which is in
the preimage of y′ in SpecZ(grA)→ Spec grZ0, such that d(y) ≤ i.
Proof. Recall that R(z0)[~
−1] = Z0[~, ~
−1]. We again denote by L the Lie
subalgebra of Der(R(A)) as in above lemma. SpecZ0⋉(A
1−0) →֒ SpecR(Z0).
We a hve a map ρ : Z(grA) → HH1(R(A)) defined as ρ(a) = 1
~d
ad(a′),
where a′ ∈ p−1(a), a ∈ Z(grA). and p : R(A) → R(A)/~ = grA is the quo-
tient map. Let X denote the set of all closed points χ ∈ SpecR(Z0) such
that R(A)χ has a two sided L-stable ideal of codimension p
ij. By lemma
3.1, X is closed. We claim that X ∩ {~ = 0} is the set of all characters
χ : grZ0 → k such that there is a Poisson ideal in grA containing ker(χ)
of codimension pij. Indeed, for two-sided ideal I ⊂ Gr to be closed under
the map {a, } for all a ∈ Z(grA) is the same as ideal p−1(I) being L-stable.
Similarly, X ∩ {~ 6= 0 consists of characters χ : Z0(A)[~, ~
−1]→ k such that
Aχ has a two-sided ideal of codimension p
ij. Indeed, given a two sided ideal
I ⊂ A which contains ker(χ) ∩ Z0(A) ideal p
−1(I) is L-stable, since ~ is
invertible on R(A)/p−1(I), where p : R(A) → R(A)/(~ − χ(~)) = A is the
quotient map.
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Therefore, W × (A1−0) ⊂ X, In particular, W × (A1 − 0)∩ (~ = 0) ⊂ X.
But W × (A1 − 0)∩ (~ = 0) is precisely V (gr I(W )). Thus for any character
χ ∈ V (gr(I(W ))) Algebra (grA)/mχ(grA) has a Poisson ideal of codimen-
sion pij, where mχ is the maximal ideal of grZ0 ⊂ (grA)
p corresponding
to χ.. Let us choose such an ideal J ⊂ (grA)/mχ
p. Let {yi, i ∈ I} be the
(finite) preimage of χ under the map Spec grA → Spec grZ0. Then grA/J
is a Poisson Z(grA)- module supported on {yi}. Applying Corollary 2.1, we
are done,

Recall that for a character χ, i(χ) denotes the largest power of p which
divides all dimensions of irreducible representations affording χ.
Corollary 3.1. Let A satisfy the assumption 1. Let Z0 be a subalgebra of
Z(A) such that R(A) is a finitely generated projective module over R(Z0). Let
G ⊂ Aut(R(A), R(Z0)) be a subgroup of the group of k[~]-algebra automor-
phisms of R(A) which preserve R(Z0). Then, for any χ ∈ SpecZ0, and any
y ∈ V (gr I(Gχ)) ⊂ grZ0, we have i(χ) ≥ infd(y
′), where y′ ∈ SpecZ(grA)
runs through preimages of y under the map SpecZ(grA)→ Spec grZ0.
Proof. Let W ⊂ SpecZ0 be a set of characters χ
′ such that i(χ′) = i(χ).
So χ ∈ W and W is closed by Lemma 3.1. Therefore Gχ ⊂ W, and by
Corollary 2.1, we are done.

Corollary 3.2. Let A be satisfy the assumption 1. Then if SpecZ(grA)
is a union of algebraic symplectic leaves, and if SpecZ(grA) has at most
one (the origin) zero dimensional symplectic leaf, then all but finitely many
irreducible representations of A have dimension divisible by p.
Proof. Recall that given a finite dimensional k-alebra S, all simple S-modules
have dimensions divisible by p if and only if 1 ∈ [S, S]. Therefore, we are
required to show that the support of 1 ∈ A/[A,A] on SpecZ(A) is a fi-
nite set. Let Y be the support of 1 ∈ D′L(R(A)/[D
′
L(R(A),D
′
L(R(A)] on
SpecZ(D′L(R(A)). We have that Y ∩ {~ 6= 0} is X × (A− {0}), where X is
the support of 1 ∈ A/[A,A] on SpecZ(A). On the other hand, Y ∩ {~ = 0}
is the support of 1 ∈ D′(grA)/[D′(grA),D′(grA)] in SpecZ(D′(grA)). By
the following lemma, the letter set is finite, so X has to be finite and we are
done.
Lemma 3.3. Under the assumption of the theorem, 1 ∈ D′(grA)/[D′(grA),D′(grA)]
is supported on the origin of SpecZ(grA)p.
Proof. Indeed, if y ∈ SpecZ(grA)p, y 6= 0 (where 0 denotes the origin of
SpecZ(grA)), then all representations of D′(grA))/my
p are divisible by
pd(y)(as in the proof of Theorem 2.2. But since d(y) > 0, we conclude that
all simple D′(grA))/my
p-modules have dimensions divisible by p. Therefore,
1 ∈ D′(grA))/[D′(grA),D′(grA)] +my
pD′(grA) so y /∈ Supp(1).

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
In particular, the assumptions of the above are satisfied when SpecZ(grA)
consists of finitely many symplectic leaves. This result can be thought of as
a positive characteristic analogue of a result due to Etingof-Schedler [ES],
which states that ifA is a nonnegatively filtered algebra over C such that grA
is finite over its center and SpecZ(grA) is a union of finitely many symplectic
leaves, then A has a finitely many nonisomorphic finite dimensional simple
modules.
4. Applications to rational Cherednik algebras
At first, we will recall the decomposition of V/W into symplectic leaves
[[BGo], Proposition 7.4], where V is a symplectic vector space over k and
W ⊂ Sp(V ) is a finite group such that p does not divide |W |. Given a
subgroupH ⊂W denote by V H0 the set of all v ∈ V
H such that the stabilizer
of v is H. Then we have the decomposition of V/W into symplectic leaves
V/W = ∪V H0 /W, whereH ranges through all conjugacy classes of subgroups
of W. In particular, for v ∈ V/W dimension of the symplectic leaf through
v is dimV Wv , where Wv is (a conjugacy class) the stabilizer of v.
Recall that for a class function c : W → k, Etingof-Ginzburg defined a
symplectic reflection algebra Hc(W,V ). This algebra comes equipped with
the natural filtration such that grHc(W,V ) = k[W ] ⋉ SymV, (the PBW
property, [EG] Theorem 1.3).
Proposition 4.1. Let W ⊂ Sp(V ) be a finite group. If p does not divide
|W |, then for a symplectic reflection algebra Hc(W,V ), there are only finitely
many irreducible representations whose dimension is not divisible by p.
Proof. The center of grH1,c = k[W ]⋉SymV is (SymV )
Γ, so grHc(W,V ) is
finite over its center. Also, by a theorem of Etingof ([BGF], Theorem 9.1.1)
grZ(H1,c) = ((SymV )
Γ)p. Since as explained above, Spec(SymV )Γ = V/W
is a union of finitely many symplectic leaves, all the assumptions of 3.2 are
satisfied and we are done.

Important class of symplectic reflection algebras consists of Rational Chered-
nik algebras. Let us recall their definition.
Let h be a finite dimensional vector space over k. Given a finite group
W ⊂ GL(h), let S ⊂ Γ be the set of pseudo-reflections (recall that s ∈ W
is a pseudo-reflection if Im(Id − s) 1-dimensional). Let αs ∈ h
∗ be the
generator of Im(s − 1)|h∗ and α
′
s ∈ h be the generator of Im(Id − s) such
that (αs, α
′
s) = 2. Let c : S → k be a W -invariant function. The rational
Cherednik algebra, Hc(W, h), as introduced by Etingof and Ginzburg [EG], is
the quotient of the skew group algebra of the tensor algebra, k[W ]⋉T (h⊕h∗),
by the ideal generated by the relations
[x, x′] = 0, [y, y′] = 0, [y, x] = (y, x)−
∑
cs(y, αs)(x, α
′
s)s,
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x, x′ ∈ h, y, y′ ∈ h∗.
There is a standard filtration on Hc given by setting deg x = 1,deg y =
1, deg(g) = 0 for all x ∈ V, y ∈ h∗, g ∈ Γ. The PBW property of Hc(W, h)
says that grHc = kΓ⋉Sym(h⊕h
∗). When c is identically 0 then H0(W, h) =
k⋉D(h), where D(h) is the ring of (crystalline) differential operators on h.
Algebra Hc(W, h) has a distinguished central subalgebra Z0 = Z
′ ⊗ Z”,
where Z
′
(respectively Z”) denotes ((Sym h∗)W )p(((Sym h)W )p [[BC], Propo-
sition 4.2].
For a rational Cherednik algebra Hc(W, h) we have the spherical subal-
gebra Bc = eHc(W, h)e (e =
1
|W |
∑
g ∈W ). Algebra Bc inherits a filtration
from Hc(W, h) and grBc = (Sym(h⊕ h
∗))W . Then eZ0 ⊂ Z(Bc)
Corollary 4.1. Assume that p does not divide |W |. Let χ : eZ
′
→ k be
a central character. Let us identify χ : e((Sym h∗)W )p → k with a point
in h/W. Let Wχ be the stabilizer in W of a preimage of χ in h. Then all
irreducible representations of Bc affording χ have dimensions divisible by
ph
Wχ
.
Proof. We need to prove that given a character µ : eZ0 = eZ
′ ⊗ eZ” → k,
such that µ| : eZ′ = χ, then any Bc-module affording µ has dimension
divisible by ph
Wχ
. Let us write µ = (χ, χ′), χ′ ∈ Spec eZ”.
Since, Sym(h⊕ h∗)W = grBc is a Cohen-Macaulay algebra, it is a Cohen-
Macaulay module over gr eZ0, hence by Proposition 3.1 R(B1,c) is a Cohen-
Macauly module over R(eZ0). However, R(eZ0) is a polynomial algebra,
therefore R(B1,c) is a projective (actually free by the Quillen-Suslin the-
orem) R(eZ0)-module. eZ0 is a polynomial algebra, it follows that Bc is
projective (actually free) over eZ0. We have an action of Gm on Hc(W, h)
which preserves Bc corresponding to the grading with deg(x) = 1,deg(y) =
−1,deg(g) = 0, g ∈ Γ = 0, x ∈ h, y ∈ h∗. This action preserves eZ0. There-
fore we may apply 3.1. We need to understand V (gr I(Gmµ)) ⊂ Spec e grZ0
and its preimage in Spec grBc.
We have I(Gmµ)∩eZ
′ = I(Gmχ). Then gr I(Gmµ)∩eZ
′ = gr I(Gmχ). In-
deed, clearly gr I(Gmχ) ⊂ gr I(Gmµ)∩gr eZ
′. Suppose that f ∈ gr I(Gmµ)∩
eZ′. Therefore, there is g ∈ gr eZ” such that deg g < deg f and f + g ∈
I(Gmµ). Thus, f(tχ) + g(t
−1χ′, tχ) = 0, t ∈ k∗. But the letter is a Lau-
rent polynomial with leading term tdeg ff(χ). Hence f(χ) = 0, so f ∈
gr I(Gmχ). Therefore p(V (gr I(Gmµ)) = V (gr I(Gmχ)) = kχ, where p :
Spec(eZ′⊗Z”)→ Spec eZ′ is the projection. Thus we conclude that there is
χ” ∈ Spec eZ”, such that Let (χ”, χ) ∈ V (gr I(Gmµ). Then if v ∈ (h× h
∗)W
is a preimage of (χ”, χ) under the map Spec grBc = (h×h
∗)W → Spec(eZ′⊗
eZ”), then the projection of v its projection on h/W is χ.
We conclude that Wv is a subgroup of Wχ, so (h × h
∗)Wχ ⊂ (h × h∗)Wv .
Therefore, Using the description of symplectic leaves of (h⊕h∗)/W discussed
above, we conclude d(v) ≥ 2 dim hWχ . So, applying 3.1 Hc(W, h)-module
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which affords character χ has dimension divisible by p
1
2 d(v), therefore it is
divisible by pdim h
Wχ
.

We have a similar result for Cherednik algebras
Corollary 4.2. Assume that p does not divide |W |. Let χ : Z′ → k be a
character. Then any irreducible representation of Hc(W, h) affording χ has
dimension divisible by |W/Wχ|p
dim hWχ , where Wχ is a subgroup fixing an
element of W -orbit corresponding to χ viewed as an element of h/W.
Proof. Sinnce grHc(W, h) is a free Sym(h ⊕ h
∗)-module, grHc(W, h) is a
Cohen-Macauly gr(Z0)-module, hence R(Hc(W, h) is a projective R(Z0)-
module. Just like in the proof of 4.1, using 3.1 we obtain that any sim-
ple Hc(W, hχ-module M has dimension divisible by p
dim hΓv . But as k[h]-
module, M can be written as M = ⊕χ′∈p−1(χ)Mχ′ , where p : h → h/W
is the projection. Clearly, if m ∈ Mχ′ , then gm ∈ Mgχ′ . So action by
elements of W is permuting Mχ′ . Hence dimMχ′ = dimMgχ′ , g ∈ W.
Since |p−1(χ)| = |W/Wχ|, we conclude that |W/Wχ| divides dimkM. So,
|W/Wχ|p
hWχ divides dimM. 
As pointed out to us by I. Gordon, one can also prove Corollary 4.2 as
follows.
As before, let χ be a character of Z′ = ((Sym h∗)W )p.
We will denote by Zc the center Hc(W, h). Denote by Hc(W, h)χ the com-
pletion of Hc(W, h) with respect to Ker(χ) ⊂ ((Sym h
∗)W )p. Denote by Zc,χ
the center ofHc(W, h)χ. Then Zc,χ is the completion of Zc with respect to the
ideal Ker(χ) ⊂ Zc. We have the similar notations for χ ∈ Spec((Sym h)
W )p.
By 0 ∈ SpecZ′(SpecZ”) we will denote the origin. The following result is
the characteristic p version of a result by Bezrukavnikov-Etingof [BE], whose
prove is identical to the original one.
Theorem 4.1. ([BE] Theorem 3.2) For any χ ∈ Spec((Sym h∗)W )p (respec-
tively Spec((Sym h)W )p. there is an isomorphism of algebras Hc(W, h)χ ≃
Mat|W |/|Wχ|(Hc′(Wχ, h)0), where Wχ is the stabilizer of a lift of χ in h(respectively
h∗) and c′ is the restriction of c on Wχ.
In particular, since Hc′(Wχ, h) ≃Mat|W/Wχ|(D(h
Wχ)⊗Hc′(Wχ, (h
Wχ)⊥)
where (hWχ)⊥ = ((h∗)Wχ)∗ and and dimension of any finite dimensional
Mat|W/Wχ|(D(h
Wχ)-module is a multiple of |W/Wχ|p
dim hWχ , we get that
4.1 implies 4.2.
We have the following
Corollary 4.3. For any character µ ∈ SpecZc, there is a subgroup W
′ ⊂W
and a character µ′ ∈ SpecZc′ , µ
′|(Z′ ⊗ Z”)+ = 0 where c
′ is the restriction
of c on W ′, such that Hc(W, h)µ ≃Mat|W |/|W ′|(Hc′(W
′, h)µ′ .
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Proof. Let χ be the restriction of µ on Z′. By 4.1, we have Hc(W, h)χ ≃
Mat|W |/|Wχ(Hc′(Wχ, h)0). Let µ1 be the character of Zc′,0 corresponding
to µ under the isomorphism Zc,χ ≃ Zc′,0. We will also denote by µ1 the re-
striction of µ1 on Zc′ , in particular µ1(Sym h
∗Wχ)
p
+ = 0. Thus, Hc(W, h)µ ≃
Mat|W |/|Wχ|(Hc′(Wχ, h))0. Therefore, by replacing µ with µ1 we may assume
that χ = 0.Again using 4.1 we haveHc(W, h)χ′ ≃Mat|W |/|Wχ′|(Hc′(Wχ′ , h)0)
Let µ′ be the corresponding character of Zc′ . Then µ
′|(Z′ ⊗ Z”)+ = 0 and
we are done.

The above corollary implies that for studying irreducible representation
of Cherednik algebras it is enough to consider restricted representations, i.e
modules annihilated by (Sym hW ⊗ Sym h∗W )p+.
References
[BBG] A. Braverman, J. Bernstein, D. Gaitsgory, The Cohen-Macaulay property of the
category of (g;K)-modules, Selecta Math. (N.S.) 3 (1997), no. 3, 303314.
[BC] K. Brown, K. Changtong, Symplectic reflection algebras in positive characteristic,
Proc. Edinb. Math. Soc. (2) 53 (2010), no. 1, 6181.
[BE] R. Bezrukavnikov, P. Etingof, Parabolic induction and restriction functors for ra-
tional Cherednik algebras, Selecta Math. (N.S.) 14 (2009), no. 3-4, 397425.
[BG] K. Brown and I. Goodearl, Homological aspects of Noetherian PI Hopf algebras
and irreducible modules of maximal dimension, Journal of Algebra 198 240-265
(1997)
[BGo] K. Brown, I. Gordon, Poisson orders, symplectic reflection algebras and represen-
tation theory, J. Reine Angew. Math. 559 (2003), 193216.
[BGF] R. Bezrukavnikov, V. Ginzburg, M. Finkelberg, Cherednik algebras and Hilbert
schemes in characteristic p, Represent. Theory 10 (2006) 254-298.
[BK] R. Bezrukavnikov, D. Kaledin, Fedosov quantization in positive characteristic, J.
Amer. Math. Soc. 21 (2008), no. 2, 409438.
[BMR] R. Bezrukavnikov, I. Mirkovic, D. Rumynin Localization of modules for a semisim-
ple Lie algebra in prime characteristic, Ann. of Math.(2) 167 (2008) no.3 945991.
[EG] P. Etingof and V. Ginzburg, Symplectic reflection algebras and Calogero-Moser
spaces and deformed Harish-Chandra homomorphism, Inventiones Math. 147
(2002), no. 2, 243–348.
[EGG] P. Etingof, W.L. Gan, and V. Ginzburg, Continuous Hecke algebras, Transform.
Groups 10 (2005), no. 3-4, 423–447.
[ES] P. Etingof, T. Schedler, Poisson traces andD-modules on Poisson varieties With
an appendix by I.Losev, Geom. Funct. Anal. 20 (2010), no. 4, 958987.
[KW] V. Kac, B. Weisfeiler, Coadjoint action of a semisimple algebraic group and the
center of the enveloping algebra in characteristic p, Indag. Math. 38 (1976), 136151.
[P] A. Premet, Irreducible representations of Lie algebras of reductive groups and the
Kac-Weisfeiler conjecture, Invent. Math. 121 (1995) no.1 79–117.
[PS] A. Premet, Skryabin, Representations of restricted Lie algebras and families of
associative L-algebras. J. Reine Angew. Math. 507 (1999), 189218.
[T] A. Tikaradze, On the Azumaya locus of almost commutative algebras, Proc. Am.
Math. Soc. 139, No. 6, 1955-1960 (2011).
[V] F. D. Veldkamp, The center of the envelping algebra of a Lie algebra in character-
istic p
AN ANALOGUE OF THE KAC-WEISFEILER CONJECTURE 13
The University of Toledo, Department of Mathematics, Toledo, Ohio, USA
E-mail address: tikar06@gmail.com
